


2.9 Differentials and 
Approximations

Lecturer: Xue Deng



Definition of the Differentials

Let 𝑦 = 𝑓 𝑥 be a differentiable function of the independent variable 𝑥.

∆𝑥 is an arbitrary increment in the independent variable 𝑥.

𝑑𝑥, called the differential of the independent variable 𝑥, is equal to ∆𝑥.

∆𝑦 is the actual change in the variable 𝑦 as 𝑥 changes from 𝑥 to 𝑥 + ∆𝑥;

that is, ∆𝑦 = 𝑓 𝑥 + ∆𝑥 − 𝑓 𝑥 .

𝑑𝑦, called the differential of the dependent variable 𝑦, is defined by 

𝑑𝑦 = 𝑓′ 𝑥 𝑑𝑥.



Differential Rule

Solution:

Calculate the derivative and multiply it by the 

differential of the independent variable.

Namely,

𝑑𝑦 = 𝑓′ 𝑥 𝑑𝑥



Basic Differential Formula
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Differential Rule

Rules:

𝑢 = 𝑢 𝑥 , 𝑣 = 𝑣 𝑥 , 𝛼, 𝛽 ∈ 𝑅

𝑑 𝛼𝑢 + 𝛽𝑣 = 𝛼𝑑𝑢 + 𝛽𝑑𝑣

𝑑 𝑢𝑣 = 𝑣𝑑𝑢 + 𝑢𝑑𝑣

𝑑
𝑢

𝑣
=
𝑣𝑑𝑢 − 𝑢𝑑𝑣

𝑣2
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Find 𝑑𝑦 if 𝑦 = ln 𝑥 + 𝑒𝑥
2
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Find 𝑑𝑦 if 𝑦 = 𝑒1−3𝑥 cos 𝑥.



Differential Formula of Composite Function
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If 𝑓′ 𝑥 is the Derivative of function 𝑦 = 𝑓 𝑥 ,

（1）For the independent variable 𝑥,

𝑑𝑦 = 𝑓′ 𝑥 𝑑𝑥;

（2）For the intermediate variable 𝑥,

Namely, 𝑥 = 𝜑 𝑡 is differentiable,

Then,



Example 3 Theorem of Chain Rule
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Find 𝑑𝑦 if 𝑦 = 𝑒𝑎𝑥+𝑏𝑥
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Example 4
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Find 𝑑𝑦 if 𝑦 = ln𝜇 𝑥.
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Example 5
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Find 𝑑 𝑥 tan−1 2𝑥 .



Example 6

(1) d(sin ) cos d ,t t t  

cos dt t 

1
d( sin ) cos d .t C t t 


  

1
d( sin );t




2d(sin )
(2)

d( )

x

x


24 cos ,x x x

2d(sin )x 

1
d(sin )t



22 cos dx x x

2(4 cos )d( ).x x x x

1
d

2
x

x

Fill in the blanks by proper functions, so that Equations hold.

1 𝑑 = cos𝜔𝑡 𝑑𝑡 ; 2 𝑑 sin 𝑥2 = 𝑑 𝑥 .
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2 dy x x 
2dy x  2 dxy y 0

Find 𝑑𝑦 if 𝑥2𝑦 + 𝑥𝑦2 = 1.



Differentials and Approximations
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